Abstract. We examine the conditions for a negative "effective" acceleration, A eff , based on a "back-reaction" term, Q, in the context of Buchert's spatial averaging formalism applied to regular LTB dust solutions with averaging domains given as spherical comoving regions containing a symmetry center. We prove that a sufficient condition for Q ≥ 0, and thus necessary for A eff ≤ 0, is simply that spatial curvature be negative in all the averaging domain ("hyperbolic" models). On the other hand, we have Q ≤ 0, and so A eff ≥ 0, for all regular "elliptic" models with positive spatial curvature. These two results are domain independent. For models that are asymptotically hyperbolic and expanding, but contain a comoving elliptic region around the center undergoing local collapse, Q ≥ 0 still holds but it is domain dependent. In hyperbolic or asymptotically hyperbolic models Q increases monotonously in the radial direction for all times, hence if density tends to zero in this direction there are always averaging domains for which A eff ≤ 0. By looking at the behavior of hyperbolic models near a future attractor, we also show that Q ≥ 0 and A eff ≤ 0 are always satisfied for a late time evolution range. The conditions for Q ≥ 0 and A eff ≤ 0 do not seem to favor either density radial profiles of "clumps" or "voids" PACS numbers: 98.80.-k, 04.20.-q, 95.36.+x, 95.35.+d arXiv:0807.1145v2 [gr-qc] 
Introduction.
The possibility that observations could be influenced by different ways of coarse graining and averaging of dust inhomogeneities are among the most popular alternative explanations for cosmic acceleration found in the literature [1] . In particular, T. Buchert [2] and co-workers have examined the "effective" acceleration that could come from the so-called "back-reaction" terms that emerge by rewriting scalar evolution equations (Raychaudhuri and Friedman equations) in terms of spatial averages of matter-energy density and the expansion scalar. See [3] for a comprehensive review of this formalism and [4] for further discussion. For alternative proposals on averaging inhomogeneities, see [5, 6] .
Unfortunately, it is technically challenging to calculate in practice, either coarse grained observational parameters or back-reaction terms, for general non-linear inhomogeneus or "realistic" conditions. Hence, proposals that examine cosmic acceleration without dark energy have been discussed or tested either under a perturbative approach [7] , in the context of some idealized spacetimes [8] and for the spherically symmetric Lemaître-Tolman-Bondi (LTB) [9] class of dust solutions, which are simple, but general enough, inhomogeneous spacetimes and so are ideal to test the effects of inhomogeneity (see [10] for a comprehensive review).
Several articles [11] , including a recent one [12] by A. Paranjape and T. P. Singh, have considered the application of Buchert's formalism to LTB models, and for this purpose they have relied for on various types of asymptotic or late time approximations, which apparently signal that an effective acceleration can occur under certain conditions (strong negative curvature and low density). In the present article we enhance and complement this existing literature by looking at this theoretical issue in full analytic form and without perturbations or approximations.
The plan of the article is as follows: in section 2 we summarize the basic properties of LTB dust models, applying Buchert's spatial averaging formalism to them in section 3. Sufficient conditions for a positive back-reaction term, Q, are derived in section 4 for "hyperbolic" and "elliptic" LTB models having, respectively, negative and positive spatial curvature. It turns out that the only the former are compatible with Q ≥ 0 (irrespective of the averaging domain). In section 5 we examine the back-reaction term for the case of an LTB model where spatial curvature change signs, so that an asymptotical hyperbolic region surrounds an elliptic region undergoing local collapse. We prove that averaging domains always exist for which back-reaction is positive, hence this type of local effects can always be "smoothed out" by a suitable coarse graining. Finally, in section 6 we examine how far can we go with the results of the previous section in proving the existence of a negative effective acceleration A eff . The most important result of this article is the fact the positive back-reaction in hyperbolic models increases monotonously in the radial direction. This implies that there always exist averaging domains with A eff < 0 if density tends to zero in the radial direction. In section 7 we prove that A eff < 0 holds for an asymptotic late time range by looking at a future attractor associated with hyperbolic LTB models. A qualitative discussion is given in the last two sections to try to ascertain the properties of negatively curved hyperbolic models that can be associated with a better chance to comply with A eff < 0. It turns out that neither a density/curvature clump or void profiles are specially favored. We provide finally a brief conclusions section.
LTB dust spacetimes.
Lemaitre-Tolman-Bondi (LTB) dust solutions [9, 10] are characterized by the spherically symmetric line element
where R = R(t, r), R = ∂R/∂r and K = K(r), and by the energy-momentum tensor T ab = ρu a u b , with rest mass density ρ = ρ(t, r). The field equations reduce tȯ
where κ = 8πG/c 2 , M = M (r) andṘ = ∂R/∂(ct). A standard regularity condition in LTB models (which we will assume henceforth to hold) is the existence of a regular symmetry center [13, 14] , which can be marked by r = 0 without loosing generality. Hence, R(t, 0) =Ṙ(t, 0) = 0 and
The hypersurfaces 3 T orthogonal to the 4-velocity can have the topology of a 3-sphere, and so LTB models with this feature admit a second symmetry center r = r c and a "turning value" 0 < r tv < r c so that R > 0 for 0 < r tv and R < 0 for r tv < r, r c , with R (t, r tv ) = 0 for all t and M (r tv ) = K (r tv ) = 0, K(r tv ) = 1 hold. In fact, for any covariant scalar A, if R (t, r tv ) = 0 then A (t, r tv ) = 0, but A can vanish at r = r tv with R = 0. However, there is a "shell-crossing"singularity if R (t, r) = 0 for coordinates not associated with turning values. Thus, an important regularity condition is that
with R = 0 occuring only at turning values. [13, 14] The basic covariant scalars are, besides ρ, the expansion scalar, Θ = ∇ a u a , and the Ricci scalar, 3 R, of the hypersurfaces 3 T orthogonal to the 4-velocity:
The spatial trace-less shear tensor σ ab = ∇ (a u b) + (Θ/3)h ab can be expressed in terms of a single scalar function as
where
r is the unit vector orthogonal to u a and to the 2-spheres orbits of SO (3) .
It follows from (2) that the sign of K in a given regular domain of r determines whetherṘ = 0 can occur for a given t, thus indicating if the corresponding comoving layers can re-collapse. If K has the same sign in all its regular range, there is a basic customary classification of LTB models as "parabolic" (K = 0), "hyperbolic" (K ≤ 0) and "elliptic" (K ≥ 0), with the equal sign holding only at a symmetry center. In general, it is possible to consider K changing sign in its domain, defining LTB models that contain hyperbolic or elliptic "regions" (see [13, 15] ). The regularity condition K(r tv ) = 1 at a turning value indicates that regular LTB models with S topology must be elliptic, but the converse is not true: elliptic models can have R 3 topology without turning values, just as parabolic and hyperbolic models. From the basic regularity conditions and (6), the sign of K determines the sign of 3 R (though the converse is not true).
3. Spatial averages, back-reaction and effective acceleration in LTB models.
The spatial average A for a smooth scalar function A(x a ), defined in hypersurfaces 3 T (t) orthogonal to a 4-velocity u a , is customarily defined as the functional
where h ab = u a u b +g ab and the integral is evaluated in a regular domain D(t) ⊂ 3 T (t). Unless stated otherwise, we will consider (8) as evaluated along a given regular D(t) with t constand and thus, to simplify notation, we will omit attaching the subscript D to denote the domain dependence of this average.
The averaged Raychaudhuri and Friedman evolution equations in Buchert's formalism for irrotational dust sources can be written as (see [2] )
where the "effective" density and pressure are
and the kinematic "back-reaction" term, Q, is given by
The integrability condition between (17) , (12) and (13) is the following relation betweenQ and
From (12) and (13), the condition for an "effective" cosmic acceleration is
a condition that should be possible, in principle, to evaluate at least for specific models (see [2, 3, 11, 12] for details of the derivation of the equations in this section).
Equations (10)- (16) hold identically for spherically symmetric LTB dust sources, but with the help of (7) the back-reaction term (14) takes the form
The proper volume element for LTB metrics is the following particular case of (9)
For the averaging functional (8) we consider as integration domain D(t) a spherical comoving region parametrized by an arbitrary constant t and by (r, θ, φ), bounded by constant values of r in the range associated with the closed real interval η = {r | 0 ≤ r ≤ r}, with the lower end,r = 0, marking the worldline of a regular symmetry center. ‡ Hence we obtain V as a function of the upper limit of η:
so that V(ct, 0) = 0, in agreement with regularity conditions (see [13, 14] ). In practical terms, the evaluation of (8) is equivalent to the following quotient of radial integrals in this domain
where the use of dr indicates integration along η, so thatr is the integration variable and integrals are functions of the upper limitr = r, with the lower integration limit given byr = 0.
Sufficient conditions for a non-negative back-reaction.
Since ρ, Θ and Σ are given by (3), (5) and (7) in terms of the derivatives of R, it could be possible in principle to compute Q in (17) and then the left hand side of (16). However, given the fact that F(r) > 0 is a wholly arbitrary function, it is practically impossible to obtain a general analytic result from (17) from averaging integrals of the form (20). In order to examine the signs of spatially averaged quantities, we remark that for every scalar function A in a domain D parametrized by the range η = {r | 0 ≤r ≤ r}
though the converse is not true: we can have A (r) ≥ 0 even if A < 0 in subsets of the range η (we are assuming dependence of D, C, Θ, Θ * , R, 3 R on t but omit expressing it to simplify notation). Therefore, given a domain D and ρ ≥ 0, the necessary (but not sufficient) condition for (16) is
with the equal sign holding only at the symmetry center (Q(0, t) = 0 for all t). Once we find sufficient conditions for the fulfillment of (22), these will be necessary conditions for (16) .
Combining (5) and (7), we obtain the useful relation
(24) ‡ At this point, we assume that hypersurfaces 3 T (t) are fully regular. In section 6 we examine the case when the domain is restricted by the emergence of a curvature singularity Equation (23) allows us to express (16) and (22) as single averages:
Hence, from (21), a sufficient (but not necessary) condition for (25) is that for allr ∈ η
where the equality holds only atr = 0 (we examine conditions for (26) in section 6). However, any further progress requires that we find relations between Θ, Θ and Θ,Θ. Considering the proper volume (19) and integrating (20) by parts we get the following relation
which is evaluated in the range η (as (19)) and is valid for any scalar function under the averaging functional (20). Moreover, a very similar integral relation can be constructed that relates Θ with Θ *
where we have assumed exactly the same integration domain η as in (30). Notice that for parabolic LTB models with K = 0 in every set η, we have F = 1, and so V = V * and Θ = Θ * . Hence, C = Q = 0 for these models. While (30) and (31) are very similar, it is important to remark that we must treat Θ and Θ * differently when applying to them the averaging functional. While Θ * is just a local function (that can be expressed as an integral) and so must be integrated when averaged, Θ must be treated as a number when averaged. This is reflected by the fact that both, Θ Θ = Θ 2 and Θ Θ * = Θ Θ * , must hold in order to fulfill the integrability condition (15) . However, as long as we examine (29) as a sufficient condition for (22), before averaging C, we can treat (30) and (31) as formally equivalent integral distributions.
Inserting (30) and (31) into (29) we obtain
and we used the fact that the integration variable isr so that ξ(r) can be brought inside of the integral. The sign of C depends on the signs of Φ and Ψ, which in turn depend on the signs of Θ and of ξ(r) − ξ(r) in the integration range 0 ≤r ≤ r.
The following relations will be useful to determine the signs of Φ and Ψ:
while, from (36) and (37), we obtain
We now consider LTB models that are elliptic (K ≥ 0) or hyperbolic (K ≤ 0) in their whole range ofr.
• Hyperbolic models
If K ≤ 0 with K = 0 only at a symmetry center, then K ≤ 0 and R > 0 for allr ∈ η because there are no turning values. Thus, 0 < F −1 ≤ 1 and F ≥ 1 is a monotonously increasing function F ≥ 0 in η. From (37) and (38), we have F − F ≥ 0 and F ≥ 0, so that 0 < ξ ≤ 1 and ξ ≤ 0 hold for allr ∈ η. Hence, ξ(r) − ξ(r) ≥ 0 holds for allr ∈ η. If Θ (r) is a monotonous function for allr ∈ η we have the following two cases:
Notice that Θ can change sign in the range η with R = 0 (without violating the regularity condition (4)). However, this fact does not alter the results in (39) because Θ appears in both Φ and Ψ, so if it changes sign from one subset of η to another one, the sign of the product ΦΨ remains the same. Thus, C ≥ 0 holds irrespectively of the sign of Θ .
• Elliptic models
We consider first the case without turning values, hence K ≥ 0, K ≥ 0 and R > 0 hold for allr ∈ η, with K = K = 0 only at a symmetry center. Then, F −1 ≥ 1 and 0 ≤ F ≤ 1 is a monotonously decreasing function F ≤ 0. From (36), (37) and (38) we have now F − F ≤ 0 and F ≤ 0, so that ξ ≥ 1 and ξ ≥ 0 for allr ∈ η. Hence ξ(r) − ξ(r) ≤ 0 holds for allr ∈ η. Again, if Θ (r) is a monotonous function for allr ∈ η we have two cases:
As in the hyperbolic case, a change of sign in Θ does not affect the sign of the product ΦΨ. If there is a turning value, the integration domain can be a subset of 0 ≤r ≤ r c , withr = 0, r c marking the two symmetry centers and r tv is the turning value (0 < r tv < r c ) where R (r tv ) = 0 and R passes from positive to negative, while F and F − F pass from negative to positive at r tv . However, using (36), (37) and (38), we can show that ξ(r) − ξ(r) ≤ 0 holds for all the integration range. Looking at Φ and Ψ in (34)- (35) and checking the signs in each region 0 ≤r < r tv and r tv <r ≤ r c for both signs of Θ , we see that conditions (40) also hold in both regions and for Θ ≤ 0 and Θ ≥ 0.
The result presented in (39) proves that a sufficient condition for a non-negative back-reaction term Q is simply that the LTB model is a regular hyperbolic model: K ≤ 0. Notice from (6) that K ≤ 0 implies implies 3 R < 0 for allr ∈ η and for all 3 T (t). Since K = K(r), this function can be specified as an initial condition, this means that it is sufficient for Q ≥ 0 in all 3 T (t) for t > t i to choose initial conditions so that 3 T (t i ) has a negative 3 R(t i ) at an arbitrary initial t = t i . This is an important result, since it shows that Q ≥ 0 holds for a broad subclass of models with negative curvature that are adequate for the description of the asymptotic range of dust configurations in an expanding background [17] . Another important result is that found in (40), which proves that (irrespective of the domain D) there cannot be effective acceleration due to back-reaction in any elliptic model (K ≥ 0 and so 3 R ≥ 0 in all sets η). This might not have much of an astrophysical application, but it has a definite theoretical interest.
We note that these results are independent of the scale of the averaging domain, as long as K has the same sign in all the domain. Also, apparently, (39) and (40) are independent of the radial profile of the density ρ along the averaging domains. However, since in the derivation of these conditions we have assumed standard regularity conditions, including absence of shell-crossings (4), then (39) and (39) are only applicable to those types of "clump" or "void" density profiles that comply with this regularity criteria. The regularity condition (4) restricts initial conditions, so that hyperbolic models complying with (4) cannot have an initial density void configuration [14] . Moreover, as has been shown by [15, 16] , hyperbolic dust configurations exist that comply with (4) and also allow for a radial density profile evolving from a clump to a void. Thus, the sufficient condition (39) certainly applies to such a void profile.
The effect of local features on the back-reaction.
Since the averaging functionals are evaluated along hypersurfaces 3 T (t) orthogonal to the 4-velocity and are domain dependent (i.e. non-local), the sign of averaged quantities strongly depends on the asymptotic behavior of all incumbent scalar functions in the radial direction (perhaps more so than in the time direction). Thus, the conditions for Q ≥ 0 can certainly be relaxed to include models in which K changes sign, so that the averaging domain can include a hyperbolic and an elliptic region in the same dust configuration. An important example is a configuration in which a comoving elliptic region around the center, with positive curvature (K > 0) and undergoing local collapse, is surrounded by an "external" expanding asymptotic range that is hyperbolic (K < 0). This type of LTB configurations can be used to model scenarios of local structure formation in an expanding background. We show in this section that the methodology used to arrive to (39) and (39) allows us to prove that domains exist so that Q ≥ 0 can also hold for such models.
The type of model of local collapse in an expanding background described above can be characterized by Θ < 0 and 3 R > 0 for dust layers near the center, with Θ > 0 and 3 R < 0 for layers in the background and asymptotically, so that Θ and 3 R change sign at specific r values in the domain η, and we can assume that Θ ≥ 0 and 3 R ≤ 0 hold for everyr ∈ η. Under these assumptions (which are not so restrictive), and looking at (34) and (35), it is evident that Ψ ≥ 0 for all η, and so the sign of Φ determines the sign of C (and thus, Q). Condition (22) reduces then to
with Φ given by (34), and where the equal sign holds at the symmetry center. Notice that, as opposed to the "pure" hyperbolic or elliptic cases, the fact that K changes sign implies that F, F and ξ have a more complicated behavior. We verify the fulfillment of (41) in the remaining of this section. Letr = r b > 0 mark the comoving boundary of an elliptic region (without turning values) in the range η e = {r | 0 ≤r ≤ r b } ⊂ η, so that 0 ≤ K < 1 in η e , with K(0) = K(r b ) = 0. Since K(r) < 0 forr > r b , then K must vanish for some r 0 in the range 0 ≤ r 0 ≤ r b . Therefore, the function
1/2 complies with 0 < F ≤ 1 in η e , with F(0) = F(r b ) = 1 and F (r 0 ) = 0. Thus, we have F ≤ 0 in 0 ≤r < r 0 , while F ≥ 0 forr > r 0 withr extending outside η e , over all the hyperbolic region, because K < 0 implies F > 1 and (without turning values) F > 0 in the latter region. The fact that F changes sign at r 0 implies, from (38), that there exists for each 3 T (t) a value r a (t) with r 0 < r a (t) < r b < r, so that F (t, r a (t)) = F(r a (t)) (notice that F is time dependent, see figure 1 ). But then, from (37), we see that such a change of sign in F produces a change of sign in F and in F − F . Consequently, as illustrated in figure 1 , we have at each
so that, considering that Θ > 0 for allr > 0, the signs of ξ imply that the following relations hold for the whole averaging domain η in each
We now write the integral in (34) as the sum of the contributions from 0 ≤r ≤ r a (t) and r a (t) <r < r:
where the equal signs correspond to the lower bound of each integral. We can now examine the effects of a local elliptic region in the computation of C. The sign of Figure 1 . The functions F and F . The figure displays the function F (r) (thick curve) and F for various hypersurfaces 3 T (t) in an elliptic region (shaded) bounded by 0 ≤r ≤ r b . The figure shows how the sign of F − F passes from negative to positive at r = ra(t) for one hypersurface 3 T (t). Since F is time dependent, this sign changes at a different values of r = ra(t) < r b for different 3 T (t).
the sum in (44) depends on the local conditions in the elliptic region (how positive is the scalar curvature) and on the scale of the averaging domain η. If we choose as the domain a small comoving sphere well inside the collapsing elliptic region (r < r < r a (t)), then (46) and (45) would yield the same result as for a pure elliptic model: Φ < Φ int < 0 and so, from (41) and (22), C < 0 and Q < 0. For a larger domain but still in the elliptic region (r a (t) < r < r b ), there is a positive contribution Φ ext , but it could fail to compensate for the negative term Φ int and Φ could still be negative. This situation could also happen if the domain extends beyond the elliptic region (r > r b , with r b close to r a (t)). However, as long as r > r a (t) in each 3 T (t), the term Φ int in the sum (44) is a constant while Φ ext is a function of the upper integration limitr = r. Since ξ < 0 (from (42)- (43)) in this range, this term is monotonously increasing with r, thus it is evident that if we assume a sufficiently large scale for the averaging domain (r r a (t)), condition (41) will be satisfied. So far we have assumed that the integration range η, containing a symmetry center, is fully regular. However, it is a well known fact that a collapsing singularity arises in elliptic LTB models when Θ < 0, and the coordinate locus of this singularity is (in general) not simultaneous (i.e. not marked by a constant t). In general, this collapsing singularity is marked by a curve [t(r coll ), r coll ] in the (t, r) coordinate plane, where R(t(r coll ), r coll ) = 0 and curvature scalars diverge. Hence, in any collapsing elliptic region the hypersurfaces 3 T (t) for t ≥ t(r coll ) are only regular for the semi open subset ϕ ≡ {r | r coll <r ≤ r} ⊂ η. However, the existence of this singularity has no consequence in the definition of spatial averages of scalars because the involved integrals can be treated simply as standard improper integrals. We define at each 3 T (t) the incumbent integrals with their lower integration limit as y = r coll + , for an arbitrarily small > 0, and then obtain the limit as → 0. Off course, since Θ → −∞ in this limit, Θ might diverge as well, but Θ is well defined in the range ϕ.
Therefore, the results of this section can be trivially extended to include hypersurfaces 3 T (t) for t ≥ t(r coll ). Given the type of configuration under consideration, and for whatever local conditions that we could have in the elliptic region, there is always a regular averaging domain, either η or ϕ, for which C > 0, and so Q > 0. This means that local conditions, even critical ones, can always be "smoothed out" by a suitable coarse graining as one defines the scale of the averaging, and so without loosing generality, we can examine all configurations with a local collapsing region as if they were "pure" hyperbolic models in which the local region has been suitably coarse grained.
From back-reaction to effective acceleration.
We have considered so far the sufficient conditions for Q ≥ 0, which are necessary for A eff ≤ 0. We examine now if the former can fulfill the latter. Bearing in mind (21), we take
with E given by (28) as a sufficient condition for (26). In this section we look at the behavior of C and E in the radial direction, while in the following section we also consider the time direction. We have proven that for an expanding regular hyperbolic LTB configuration C ≥ 0 holds, we now examine the behavior of C in the range η. Computing the radial derivative of C in (33), we find that the condition for C ≥ 0 can be expressed as
as ξ(r) − ξ(r) ≥ 0 and ξ ≤ 0 hold for allr ∈ η. Since the sign of Θ * − Θ is the same as the sign of Φ in (34), then if Θ ≥ 0, we have Θ * − Θ ≥ 0 and (48) holds for all η. If Θ ≤ 0, then Θ * − Θ ≤ 0, but Θ [Θ * − Θ ] ≥ 0 and the product of the integrals is non-negative, so J ≥ 0. Thus, C ≥ 0 holds for all η irrespective of the sign of Θ . The fact that C ≥ 0 (together with C ≥ 0) for all η and irrespective of the radial profiles of Θ and ρ, is perhaps the most important result of this article. This is so because it is sufficient to demand that ρ ≤ 0 and ρ → 0 as r → ∞ to guarantee that there will necessarily be domains η for which E < 0. This is the only situation in which we can make a definite rigorous statement regarding the fulfillment of (26) for conditions that are not late time asymptotic (see next section for a similar result in that regime).
Notice that C(0) = 0, but E(0) = κ ρ(0)/2 > 0, thus for any non-negative ρ in a hyperbolic model there will always exist hypersurfaces 3 T (t) in which E > 0 holds for a regular domain η sufficiently close to the symmetry center. This effect is stronger if we have an elliptic region around the center, as in the configurations of the previous section. However, since
the fact that C ≥ 0 in any averaging domain of a hyperbolic model means that (even with an elliptic inner region) there are very good chances to find a sufficiently large domain scale for which (47) holds, even if ρ does not tend to zero as r → ∞.
Whether this occurs or not depends on the asymptotic behavior of Θ and ρ in the radial direction, though it is possible to make some qualitative but robust assertions. For example: there could be a better chance for E < 0 to occur in a given 3 T (t) when we have the density profile of a "clump" (ρ ≤ 0), as opposed to that of a "void" (ρ ≥ 0). The justification for this arguments is that a void profile requires either a larger C or a smaller ρ than a clump profile. However, as we show further ahead, there are also good arguments favoring void profiles, and in the end, it is difficult to test these qualitative arguments without resorting to a numerical examination of LTB models.
The past attractor corresponds to the initial singularity while the future one is a set of attracting points associated with an asymptotically flat vacuum state. The worldline of the symmetry centers either stays in the saddle for all times or evolves from the saddle to the future attractor with ∆ (m) = 0 for all times. If we take the full LTB configurations without this worldline, then the attractors are global. We omit to examine condition (55) near the past attractor because a dust model near the initial singularity is not interesting from a cosmological point of view.
The most interesting result from this analysis concerns condition (55) in the asymptotic late time regime given near the future attractor. This condition evaluated in the coordinates (Ω * , ∆ (m) , S) of the future attractor is
and is satisfied for every domain, irrespective of the clump/void density profile or the sign of Θ in past hypersurfaces 3 T (t). Intuitively, this is an expected outcome since an extremely low density in the asymptotic future of an expanding LTB model always helps in setting a negative sign to E for a given domain (hence the use of "late time" expansions in [11, 12] ). However, we have shown this expectation to be justified by means of a more rigorous methodology (a dynamical systems study). Hence, in this asymptotic time regime with the LTB model approaching a Minkowskian state we have E < and so there is negative effective acceleration for every regular hyperbolic model (or hyperbolic in the asymptotical radial range: see the phase space diagrams for the "structure formation" scenarios in [15] ).
At the saddle point we have a similar expression for (55) as in (56), with the "−2" replaced with a "−3/2", but this saddle point is only "approached" by some of the integral curves of the system (those near the center in the LTB models under consideration). While we cannot make any definite claim about E being negative from this saddle, it is a strong indication that this could be the case.
As show in [15] , absence of shell crossing singularities keeps ∆ (m) and S finite in the range 0 > Ω * < 1 corresponding to hyperbolic models. The function ∆ (m) is bounded by −1 < ∆ (m) ≤ 0 and finite ∆ (m) ≥ 0 for 3 T (t) having, respectively, density clump or void profiles (changes of sign of ∆ (m) from one 3 T to another is possible regularly). The function S is bounded by S < 1/2, with S finite (and possibly negative). To see which values it can take we can express it as
Thus, a better chance to comply with effective acceleration is have a more negative S in (55), and since
this has better chances to happen if both ρ ≥ 0 and 3 R ≥ 0 occur (notice that we are assuming 3 R * ≤ 0 because K ≤ 0). Since these conditions define density and curvature void profiles, (55) and (57) provide a qualitative (but more rigorous) justification of why this type of profiles are intuitively related to an effective acceleration. Moreover, density clump profiles with −1 < ∆ (m) ≤ 0 are not necessarily at odds with a good chance to fulfill (55). This is so because 1 + ∆ (m) < 1, so it diminishes the first density term in (55), while if ∆ (k) ≥ 0 it can still keep S negative. With density clump profiles it is easier to achieve a very low density along the 3 T (t) in conditions that need not be those of an asymptotic future.
Conclusion.
We have provided in this article the sufficient conditions for a non-negative backreaction term, Q, which are necessary for a negative effective acceleration, A eff , in the context of Buchert's spatial averaging formalism. We have done so rigorously and without resorting to asymptotic expansions, approximations or perturbations of any kind. The results are encouraging, since these conditions are satisfied by a broad subclass of LTB models characterized by negative scalar curvature of the hypersurfaces 3 T (t). If this curvature is negative in all the averaging domain, then the result is domain independent, though we have also proven that averaging domains always exist for a positive back-reaction, even if there is a local region around the center with positive curvature undergoing local collapse.
Regarding a negative effective acceleration, we have only proven its existence if ρ → 0 along the 3 T i (since the back-reaction term is monotonously increasing in the radial direction), and in the asymptotic late time regime when hyperbolic models (or regions) approach an asymptotically flat regime. Yet, even under these conditions we cannot provide bounds on A eff without further study (analytic or numeric) on the asymptotic behavior of ρ and Θ in the radial direction.
The qualitative discussion presented in the last two sections provides important hindsight on the general features of hyperbolic (or asymptotically hyperbolic) LTB models that could exhibit effective acceleration. The variables that we have defined and introduced are certainly helpful to undertake the necessary calculations to make further progress in computing A eff and/or placing physical bounds on it for considering actual astrophysical and cosmological scenarios. For this purpose, there seems to be no other alternative than to examine specific models and specific initial conditions, and this should be done by a numerical examination of condition (55). In particular, the variables (51)-(54) are very adequate for a qualitative and numeric initial value treatment of LTB models (as shown in [15] ). These variables are expressible as integral distributions and posses very similar properties to the averages defined in (20) with proper volume V , but are easier to handle. The relation between the proper volume average and these variables could have important theoretical implications that are worth investigating. A comprehensive numeric computation of back-reaction and effective acceleration in LTB models is presently under consideration for a future work.
